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η-METRIC STRUCTURES
YAE´ ULRICH GABA
Abstract. In this paper, we discuss recent results about generalized metric spaces and
fixed point theory. We introduce the notion of η-cone metric spaces, give some topological
properties and prove some fixed point theorems for contractive type maps on these spaces.
In particular we show that theses η-cone metric spaces are natural generalizations of both
cone metric spaces and metric type spaces.
1. Introduction.
Cone metric spaces were introduced in [9] and many fixed point results concerning mappings
in such spaces have been established. In [7], M. A. Khamsi connected this concept with a gen-
eralised form of metric space that he named metric type space (MTS for short). Topological
properties of metric type spaces and fixed point theorems for contractive mappings in metric
type spaces can extensively be read in [1, 4, 6, 8]. The originality of the work by Huang[9]
lies in the fact that they replace the real numbers by an ordered Banach space where the
order on the underlying Banach space is defined via an associated cone subset. This work
suggested different orientations in the generalization of the classical ”metric spaces” (see for
instance [2, 10]). The present manuscript investigates a similar extension by making a local
assumption that will be clarified in the next lines. In fact, we replace the constant appearing
in the classical ”triangle inequality” of a MTS by a function of two variables. Then we study
the topological properties of these new spaces and give some fixed point results. We conclude
by showing that the new introduced η-cone metric spaces have a metric like structure.
2. Basic definitions and preliminary results.
First let us start by making some basic definitions.
Definition 2.1. Let E be a real Banach space with norm ‖.‖ and P be a subset of E. Then
P is called a cone if and only if
(1) P is closed, nonempty and P 6= {θ}, where θ is the zero vector in E;
(2) for any a, b ≥ 0 (nonnegative real numbers), and x, y ∈ P , we have
ax+ by ∈ P ;
(3) for x ∈ P , if −x ∈ P , then x = θ.
Given a cone P in a Banach space E, we define on E a partial order  with respect to P by
x  y ⇐⇒ y − x ∈ P.
We also write x ≺ y whenever x  y and x 6= y, while x≪ y will stand for y − x ∈ Int(P )
(where Int(P ) designates the interior of P ).
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The cone P is said to be normal if there is a real number C > 0, such that for all x, y ∈ E,
we have
θ  x  y =⇒ ‖x‖ ≤ C‖y‖.
The least positive number satisfying this inequality is called the normal constant of P .
Therefore, we shall say that P is a K-normal cone to indicate the fact that the normal
constant is K.
The cone P is said to be regular if every increasing sequence1 which is bounded from above
is convergent, i.e. if (xn) is a sequence such that x1  x2  · · ·  xn  · · ·  y for some
y ∈ E then, there exists x∗ ∈ E such that lim
n→∞
‖xn − x
∗‖ = 0.
The cone P is said to be minihedral cone if sup{x, y} exists for all x, y ∈ E, and strongly
minihedral if every subset of E which is bounded from above has a supremum and hence
any subset of E which is bounded from below has an infimum [3].
Throughout this article we assume that the cone P is normal with constant K and P is such
that int(P ) 6= ∅ and  is a partial ordering with respect to P . Hence the Banach space E
and the cone P will be omitted and the Banach space E will be assumed to be ordered with
the order induced by the cone P .
Now, we introduce a new type of generalized metric space, which we call η-cone metric
spaces.
Definition 2.2. Let X be a non empty set and η : X ×X → [1,∞) be a map. A function
dη : X ×X → E is called an η-cone metric on X if:
(d1) θ  d(x, y) ∀ x ∈ X and dη(x, y) = θ if and only if x = y;
(d2) dη(x, y) = dη(y, x) ∀ x, y ∈ X ;
(d3) dη(x, z)  η(x, z)[dη(x, y) + dη(y, z)] ∀ x, y, z ∈ X .
The pair (X, dη) is called an η-cone metric space.
Remark 2.3. If η(x, y) = 1 whenever x, y ∈ X , then we obtain the definition of a cone metric
space (see [9, Definition 1 ]). For η(x, y) = L(L ≥ 1) whenever x, y ∈ X , then we obtain the
definition of a cone metric type space (see [2, Definition 2.1 ]).
In particular, when E = R, P = [0,+∞) and η(x, y) = C(C ≥ 1) for all x, y ∈ X , then an
η-cone metric space reduces to a metric type space (MTS) (see [7, Definiton 2.7]).
Example 2.4. Let E = R2, P = {(x, y) ∈ E|x, y ≥ 0} ⊆ R2 and X = {1, 2, 3}. Let α ≥ 0 a
constant and define η : X ×X → [0,∞) and dη : X ×X → E as
η(x, y) = 1 + x+ y;
dη(1, 1) = dη(2, 2) = dη(3, 3) = (0, 0);
dη(1, 2) = dη(2, 1) = 80(1, α); dη(1, 3) = dη(3, 1) = 1000(1, α); dη(2, 3) = dη(3, 2) = 600(1, α).
Then (X, dη) is an η-cone metric space.
1Equivalently the cone P is regular if and only if every decreasing sequence which is bounded from below
is convergent.
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Proof. (d1) and (d2) trivially hold. For (d3) we have:
dη(1, 2) = 80(1, α)  η(1, 2)[dη(1, 3) + dη(3, 2)] = 4(1000 + 600)(1, α) = 6400(1, α),
dη(1, 3) = 1000(1, α)  η(1, 3)[dη(1, 2) + dη(2, 3)] = 5(80 + 600)(1, α) = 3400(1, α).
Similar calculations hold for dη(2, 3). Hence for all x, y, z ∈ X,
dη(x, z) ≤ η(x, z)[dη(x, y) + dη(y, z)].
Hence (X, dη) is an η-cone metric space.

Remark 2.5. If we repeat Example 2.4 with η(x, y) = 1 + sin(x) + sin(y), we also conclude
that (X, dη) is an η-cone metric space.
Remark 2.6. In Example 2.4, note that
[dη(1, 2) + dη(2, 3)] = (80 + 600)(1, α)  1000(1, α) = dη(1, 3),
i.e. the property (d3) holds only when we multiply by the factor η(1, 3). The property (d3)
can be regarded as a ”local” triangle inequality in the sense that, given, for any x, y, z ∈ X,
dη(x, y) and dη(x, y)+dη(y, z), a ”triangle inequality like” can always be achieved via a scalar
function η.
Example 2.7. Let X = C([a, b],R) be the space of all continuous real valued functions
define on the interval [a, b], E = R and P = R+. Then (X, dη) is an η-cone metric space
with
dη(x, y) = sup
t∈[a,b]
|x(t)− y(t)|2 and η(x, y) = |x(t)|+ |y(t)|+ 2.
The concepts of convergence, Cauchy sequence and completeness can easily be extended to
the case of an η-cone metric space.
Definition 2.8. (Compare [9]) Let (xn) be a sequence in an η-cone metric space (X, dη).
(a) (xn) is convergent to x ∈ X and we denote lim
n→∞
xn = x, if for every c ∈ E with c≫ θ,
there exists n0 ∈ N such that
∀ n ≥ n0 dη(xn, x)≪ c;
(b) (xn) is called Cauchy if for every c ∈ E with c≫ θ, there exists n0 ∈ N such that
∀ n,m ≥ n0 dη(xn, xm)≪ c;
c) If every Cauchy sequence is convergent in X , then X is called a complete η-cone
metric space.
We state the following lemma without proof, as the proof is merely a copy of the proof of
[9, Lemma 1]:
Lemma 2.9. Let (X, dη) be an η-cone metric space, P be a normal cone with normal constant
K. Let {xn} be a sequence in X. Then {xn} converges to x if and only if
dη(xn, x)→ θ as n→∞.
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The next result, corollary of Lemma 2.9 above is a reformulation of [9, Lemma 2], as a
uniform bound is required for the η-function to assure uniqueness for the limit of a convergent
sequence in an η-cone metric space.
Lemma 2.10. Let (X, dη) be an η-cone metric space such that η is a bounded function, P
be a normal cone with normal constant K. Let {xn} be a sequence in X. If {xn} converges
to x and {xn} converges to y, then x = y. That is the limit of {xn} is unique.
Proof. For any c ∈ E with 0 ≪ c, there is N such that for all n > N , dη(xn, x)  c and
dη(xn, y)≪ c. We have
dη(x, y)  η(x, y)[dη(x, xn) + dη(xn, y)]  2Mc,
where η(x, y) ≤ M whenever x, y ∈ X. Hence ‖d(x, y)‖ ≤ 2MK‖c‖. Since c is arbitrary
dη(x, y) = θ; therefore x = y. 
We carry on with the topological properties of η-cone metric spaces with the following lemma:
Lemma 2.11. Let (X, dη) be an η-cone metric space, {xn} be a sequence in X. If {xn}
converges to x and supn,m η(xn, xm) ≤ L for some positive constante L, then {xn} is a
Cauchy sequence.
Proof. For any c ∈ E with 0 ≪ c, there is N such that for all n,m > N , dη(xn, x) ≪
1
2L
c
and dη(xm, x)≪
1
2L
c. Hence
dη(xn, xm)  η(xn, xm)[dη(xn, x) + d(xm, x)]  c.
Therefore {xn} is a Cauchy sequence. 
A characterisation of Cauchy sequences is given by the following
Lemma 2.12. (X, dη) be an η-cone metric space, P be a normal cone with normal constant
K. Let {xn} be a sequence in X. Then {xn} is a Cauchy sequence if and only if
dη(xn, xm)→ θ (n,m→∞).
Proof. See the proof of [9, Lemma 4]. 
We now state the two following lemmas, which proofs are copies of the proofs of [5, Lemma
2.15], [5, Lemma 2.16 ].
Lemma 2.13. Let (X, dη) be an η-cone metric space. For each c ∈ E with c ≫ θ, there
exists σ > 0 such that x≪ c whenever ‖x‖ < σ, x ∈ E.
Lemma 2.14. Let (X, dη) be an η-cone metric space over a cone P . Then for each c1, c2 ∈
Int(P ), there exists c ∈ Int(P ) such that c1 − c ∈ Int(P ) and c2 − c ∈ Int(P ).
Now, we state the following lemmas, which proof is merely a copy of the proof of [5, Theorem
2.17].
Proposition 2.15. Every η-cone metric space is a topological space.
Proof. For c≫ θ, and x ∈ (X, dη) let
Bη(x, c) = {y ∈ X : dη(x, y)≪ c}
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and
B = {Bη(x, c) : x ∈ X, c≫ θ}.
Then the collection
Tη = {U ⊂ X : ∀x ∈ U, ∃c≫ θ, Bdη(x, c) ⊂ U}
is a topology on X . Indeed,
(1) ∅ and X belong to T ,
(2) let U, V ∈ T and let x ∈ U ∩ V . Then there exist c1 ≫ θ and c2 ≫ θ such that
Bdη(x, c1) ⊂ U and B(x, c2) ⊂ V . By Lemma 2.14, there exists c ∈ Int(P ) such that
c1 − c ∈ Int(P ) and c2 − c ∈ Int(P ). Then, it is clear that x ∈ Bdη(x, c) ⊂ U ∩ V ,
hence U ∩ V ∈ T .
(3) let (Uα)α be a family of sets from T . We consider x ∈ ∪
α
Uα. There exists α0 such
that x ∈ Uα
0
. Hence, find c≫ θ such that
x ∈ Bq(x, c) ⊂ Uα
0
⊂
⋃
α
Uα,
that is ∪
α
Uα ∈ T .
This completes the proof. 
Definition 2.16. Let (X, dη) be an η-cone metric space, the collection
Tη = {U ⊂ X : ∀x ∈ U, ∃c≫ θ, Bη(x, c) ⊂ U}
will be called the natural topology on (X, dη).
Before we mention our next result, we recall the present one:
Lemma 2.17. (Compare [5, Lemma 1.4]) Let (X, dη) be an η-cone metric space. Then we
have:
a) Int(P ) + Int(P ) ⊂ Int(P ) and λInt(P ) ⊂ Int(P ) for any positive real number λ.
b) For any given c≫ θ and c0 ≫ θ, there exists n0 ∈ N such that
1
n0
c0 ≪ c.
c) If (an) and (bn) are sequences in E such that an → a, bn → b and an  bn for all
n ≥ 1, then a  b.
Lemma 2.18. Every η-cone metric space (X, dη) is first countable.
Proof. Let p ∈ X . Fix c ∈ Int(P ). We show that
Bp =
{
Bη
(
p,
1
n
c
)
: n ∈ N
}
is a local base at p. Let U be an open set containing p. There exists c1 ∈ Int(P ) such that
Bdη(p, c1) ⊂ U . We know by Lemma 2.17 that we can find n0 ∈ N such that
c
n0
≪ c1. Hence
Bdη(p,
c
n0
) ⊂ Bdη(p, c1). This completes the proof.

Definition 2.19. A map T : (X1, dη
1
) → (X2, dη
2
) between η-cone metric spaces is called
continuous at x ∈ X1, if each V ∈ Tη
2
containing Tx, there exists U ∈ Tη
1
containing x such
that T (U) ⊂ V . If T is continuous at each x ∈ X1 then it is called continuous.
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Definition 2.20. A map T : (X1, dη
1
) → (X2, dη
2
) between η-cone metric spaces is contin-
uous is called sequentially continuous if {xn} ⊂ X, xn → x implies Txn → Tx.
Proposition 2.21. A map T : (X1, dη
1
) → (X2, dη
2
) between η-cone metric spaces is con-
tinuous if and only if T is sequentially continuous.
Proof. Assume xn → x and let θ≪ c. Since T is continuous at x ∈ X , then find θ ≪ c1 such
that T (Bη
1
(x, c1)) ⊂ Bη
2
(Tx, c). By convergence of xn, find n0 such that dη
1
(xn, x) ≪ c1
∀n ≥ n0. But then dη2(Txn, Tx)≪ c, ∀n ≥ n0. Since (X1, dη1 ) is a first countable topological
space, then the converse holds. 
Definition 2.22. Let (X, dη) be an η-cone metric space. If for any sequence {xn} in X ,
there is a subsequence {xni} of {xn} such that {xni} is convergent in X . Then X is called
a sequentially compact η-cone metric space.
3. More on topological properties.
In this section, we discuss some properties of closed sets in η-cone metric spaces.
Lemma 3.1. Let (X, dη) be an η-cone metric space, Tη be the natural topology on (X, dη) and
A be a subset of X. A is closed2 if and only if for any sequence {xn} in A which converges
to x, we have x ∈ A.
Proof. Assume that A is closed and let {xn} be a sequence in A such that xn → x. Let us
prove that x ∈ A. Assume not, i.e. x /∈ A. Since A is closed, then there exists c ≫ θ such
that Bη(x, c) ∩ A = ∅ . Since {xn} converges to x, then there exists N ≥ 1 such that for
any n ≥ N we have xn ∈ Bη(x, c) . Hence xn ∈ Bη(x, c)∩A, which leads to a contradiction.
Conversely assume that for any sequence {xn} in A which converges to x, we have x ∈ A.
Let us prove that A is closed. Let x /∈ A. We need to prove that there exists c ≫ θ such
that Bη(x, c) ∩A = ∅. Assume not, i.e. for any c≫ θ, we have Bη(x, c)∩A 6= ∅. So for any
n ≥ 1, choose xn ∈ Bη
(
x, 1
n
c
)
∩ A. Clearly we have {xn} converges to x. Our assumption
on A implies x ∈ A, a contradiction. So A is closed. 
Proposition 3.2. Let (X, dη) be an η-cone metric type space and Tη be the topology defined
above. Moreover, suppose that supx,y∈X η(x, y) = L < ∞. Then for any nonempty subset
A ⊂ X, if we define A¯ to be the intersection of all closed subsets of X which contains A,
then for any x ∈ A¯ and for any c≫ θ, we have
Bη(x, c) ∩A 6= ∅.
Proof. Clearly A¯ is the smallest closed subset which contains A. Set
A∗ = {x ∈ X ; for any c≫ θ, there exists a ∈ A such that : dη(x, a)≪ c}.
We have A ⊂ A∗. Next we prove that A∗ is closed. For this we use Lemma 3.1. Let {xn} be
a sequence in A∗ such that {xn} converges to x. Let us prove that x ∈ A
∗. Let c≫ θ. Since
{xn} converges to x, there exists N ≥ 1 such that for any n ≥ N we have dη(x, xn)≪
1
2(L+1)
c.
Since xn ∈ A
∗ , there exists a ∈ A such that dη(a, xn)≪
1
2(L+1)
c. Hence
dη(x, a)  η(x, a)[dη(x, xn) + dη(xn, a)]  K
[
1
2(L+ 1)
c+
1
2(L+ 1)
c
]
 c
2A closed set is the complement of an element of Tη
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which implies x ∈ A∗. Therefore A∗ is closed and contains A. By definition A¯ ⊂ A∗, which
concludes the proof.

4. Fixed point theory.
In this section we shall prove some fixed point theorems of contractive mappings. Our
first theorem is an analogue of Banach contraction principle in the setting of η-cone metric
space. Throughout this section, for the mapping T : (X, dη) → (X, dη) and x0 ∈ X , the set
I(x0, T ) = {x0, Tx0, T
2x0, · · · } represents the orbit of x0.
Before we proceed to our first fixed point result, there is an important observation that ought
to be made. As we know, the metric d on a metric space (X, d) possesses the continuity
property, which is equivalent to the sequential continuity since any metric space is first
countable. However, as the next example will demonstrate, η-cone metrics are not always
continuous.
Example 4.1. (Compare [2, Example 3]) Let X = N ∪ {∞} and let D : X × X → R be
defined by:
D(m,n) =


0, if m = n,∣∣ 1
m
− 1
n
∣∣ , if m and n are even or mn =∞
5 if m and n are odd and m 6= n
2 otherwise.
Thus, (X, dη) is an η-cone metric space where
3 η(x, y) = 3 and dη(x, y) = D(x, y) whenever
x, y ∈ X. Considering the sequence {xn} defined by xn = 2n and setting
1
∞
:= 0, we have
that
dη(xn,∞) =
1
2n
→ 0 ( i.e. xn →∞).
However
dη(xn, 1) = 2, hence lim
n→∞
dη(xn, 1) = 2 6= 1 = dη(∞, 1).
Theorem 4.2. Let (X, dη) be a complete η-cone metric space such that dη is continuous.
Suppose the mapping T : (X, dη)→ (X, dη) satisfies the contractive condition
dη(Tx, Ty)  kdη(x, y), (4.1)
for some k ∈ [0, 1) and for all x, y ∈ X.
Moreover, for any x0 ∈ X, suppose that lim
n,m→∞
η(xn, xm) <
1
k
where xn, xm ∈ I(x0, T ). Then
T has exactly one fixed point x∗. Moreover for each x ∈ X, T nx→ x∗.
Proof. We choose any x0 ∈ X be arbitrary, define the sequence {xn} by xn = T
nx0. Then
by successively applying inequality (4.1), we obtain:
dη(xn, xn+1)  k
ndη(x0, x1). (4.2)
3Note that here E = R, P = [0,∞).
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So for m > n, using property (d3) and condition (4.2)
dη(xn, xm)  η(xn, xm)k
ndη(x0, x1) + η(xn, xm)η(xn+1, xm)k
n+1dη(x0, x1) + · · ·+
η(xn, xm)η(xn+1, xm)η(xn+2, xm) · · ·η(xm−2, xm)η(xm−1, xm)k
m−1dη(x0, x1)
dη(x0, x1)[η(x1, xm)η(x2, xm) · · ·η(xn− 1, xm)η(xn, xm)k
n+
η(x1, xm)η(x2, xm) · · ·η(xn, xm)η(xn+1, xm)k
n+1 + · · ·+
η(x1, xm)η(x2, xm) · · ·η(xn, xm)η(xn+1, xm) · · ·η(xm−2, xm)(xm−1, xm)k
m−1].
(4.3)
Since lim
n,n→∞
η(xn+1, xm)k < 1, hence the series
∑
∞
n=0 k
n
∏n
i=1 η(xi, xm) converges by ratio
test for each m ≥ 1. Let:
S =
∞∑
n=0
kn
n∏
i=1
η(xi, xm), Sn =
n∑
j=1
kj
j∏
i=1
η(xi, xm).
Thus for m > n, the above inequality (4.3) becomes:
dη(xn, xm)  [Sm−1 − Sn]dη(x0, x1).
We get
‖dη(xn, xm)‖ ≤ K|Sm−1 − Sn|‖dη(x1, x0)‖.
This implies dη(xn, xm) → θ (n,m → ∞). Hence {xn} is a Cauchy sequence. By the
completeness of X , there is x∗ ∈ X such that xn → x
∗.
dη(Tx
∗, x∗) η(Tx∗, x∗)[dη(Tx
∗, xn) + dη(xn, x
∗)]
η(Tx∗, x∗)[kdη(x
∗, xn−1) + dη(xn, x
∗)].
Then
‖dη(Tx
∗, x∗)‖ ≤ K |η(Tx∗, x∗)| [k‖dη(x
∗, xn−1)‖+ ‖dη(xn, x
∗)‖]→ 0.
Hence ‖d(Tx∗, x∗)‖ = 0. This implies Tx∗ = x∗ . So x∗ is a fixed point of T . Now if y∗ is a
fixed point of T , then
d(x∗, y∗) = d(Tx∗, T y∗)  kd(x∗, y∗).
Therefore ‖d(x∗, y∗)‖ = 0 and x∗ = y∗. 
The proof of the following corollary is immediate.
Corollary 4.3. Let (X, dη) be a complete η-cone metric space such that dη is continuous.
Suppose the mapping T : (X, dη) → (X, dη) satisfies, for some positive integer n, the con-
tractive condition
dη(T
nx, T ny)  kdη(x, y), (4.4)
for some k ∈ [0, 1) and for all x, y ∈ X.
Moreover, for any x0 ∈ X, suppose that lim
n,m→∞
η(xn, xm) <
1
k
where xn, xm ∈ I(x0, T ). Then
T has exactly one fixed point x∗.
8
Example 4.4. Let X = [0,+∞), E = R , and P = [0,+∞). Let us define, for all x, y ∈ X
dη(x, y) : X ×X → R and η : X ×X → [1,∞) as:
dη(x, y) = (x− y)
2, and η(x, y) = x+ y + 2.
Then dη is a complete η-cone metric on X . Define T : X → X by Tx =
x
2
. We have:
dη(Tx, Ty) = dη
(x
2
,
y
2
)
=
(x
2
−
y
2
)2
≤
1
3
(x− y)2 = kdη(x, y).
Note that for each x ∈ X , T nx = x
2n
. Thus we obtain:
lim
n,m→∞
η(xn, xm) = lim
n,m→∞
( x
2n
+
x
2m
+ 2
)
< 3.
Therefore, all conditions of Theorem 4.2 are satisfied hence T has a unique fixed point.
Theorem 4.5. Let (X, dη) be a sequentially compact η-cone metric space such that dη is
continuous, supx,y η(x, y) < ∞ and the underlying cone P is regular. Suppose the map
T : (X, dη)→ (X, dη) satisfies the contractive condition
dη(Tx, Ty) ≺ dη(x, y), (4.5)
for all x, y ∈ X, x 6= y. Then T has a unique fixed point in X.
Proof. Let x0 ∈ X be arbitrary and construct the sequence {xn} such that xn+1 = Txn.
Moreover, we may assume, without loss of generality that xn 6= xm for n 6= m. By setting
dn = dη(xn, xn+1), then, using condition (4.5), we write
dn+1 = dη(xn+1, xn+2) = dη(Txn, Txn+1) ≺ dη(xn, xn+1) = dn.
Therefore dn is a decreasing sequence bounded below by θ. Since P is regular, there is d
∗ ∈ E
such that dn → d
∗(n → ∞). From the sequence compactness of X , there is a subsequence
{xni} of {xn} and x
∗ ∈ X such that xni → x
∗(i→∞). We have
dη(Txni, Tx
∗) ≺ dη(xni , x
∗) i = 1, 2, · · · .
So
‖dη(Txni, Tx
∗)‖ ≤ K‖dη(xni , x
∗)‖ → 0 (i→∞)
where K is the normal constant of E. Hence Txni → Tx
∗(i→∞). In a similar manner, on
establishes that T 2xni → T
2x∗(i→∞). Using the continuity of dη, we write
4dni = dη(Txni , xni)→ dη(Tx
∗, x∗) = d∗ and dη(T
2xni , Txni)→ dη(T
2x∗, Tx∗) (i→∞).
Moreover, if we assume that d∗ 6= θ, we have
d∗ = lim
i→∞
dni+1 = lim
i→∞
dη(T
2xni, Txni) = dη(T
2x∗, Tx∗) ≺ dη(Tx
∗, x∗) = d∗,
–a contradiction, so d∗ = θ, i.e. Tx∗ = x∗ and x∗ is a fixed point of T . The uniqueness of
the fixed point naturally comes from condition (4.5).

As we mentioned earlier η-cone metric spaces have a metric like structure. Indeed we have
the following result.
4This is guaranteed by the boundedness of η.
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Theorem 4.6. (Compare [7, Theorem 2.6]) Let (X, dη) be an η-cone metric space (over the
Banach space E with the K-normal cone P ). The mapping Dη : X ×X → [0,∞) defined by
Dη(x, y) = ‖dη(x, y)‖ satisfies the following properties
(D1) Dη(x, x) = 0 for any x ∈ X;
(D2) Dη(x, y) = Dη(y, x) for any x, y ∈ X;
(D3) Dη(x, y) ≤ Kη(x, y)
(
Dη(x, z) +Dη(z, y)
)
, for any points x, y, z ∈ X.
Note that property (D3) does not give the classical triangle inequality satisfied by a distance
and there are many examples where the triangle inequality fails. We are therefore led to the
following definition.
Proof. The proofs of (D1) and (D2) are easy and therefore left to the reader. In order to
prove (D3), let x, y, z ∈ X, and since (X, dη) is an ηcone metric space, we have:
dη(x, y)  η(x, y)[dη(x, z) + dη(z, y)].
Since P is normal with constant K we get
‖dη(x, y)‖ ≤ K|η(x, y)|[‖dη(x, z) + dη(z, y)‖]
≤ K|η(x, y)|[‖dη(x, z)‖ + ‖dη(z, y)‖]
i.e.
Dη(x, y) ≤ Kη(x, y)
(
Dη(x, z) +Dη(z, y)
)
.
This completes the proof.

Definition 4.7. Let X be a nonempty set, let the function D : X × X → [0,∞) and a
function η : X ×X → [1,∞) satisfy the following properties:
(D1) D(x, x) = 0 for any x ∈ X ;
(D2) D(x, y) = D(y, x) for any x, y ∈ X ;
(D3) D(x, y) ≤ η(x, y)
(
D(x, z) +D(z, y)
)
for any points x, y, z ∈ X .
The triplet (X,D, η) is called an η-metric space.
It is obvious that η-metric spaces are natural extensions of metric type spaces.
Example 4.8. Let X = {1, 2, 3} and the mapping D : X×X → [0,∞) defined by D(1, 2) =
1/5, D(2, 3) = 1/4, D(1, 3) = 1/2, D(x, x) = 0 for any x ∈ X and D(x, y) = D(y, x) for
any x, y ∈ X . Since
1
2
= D(1, 3) > D(1, 2) +D(2, 3) =
9
20
,
then we conclude that X is not a metric space. Nevertheless, with η(x, y) = x
2
+ y, it is very
easy to check that (X,D, η) is an η-metric space.
The next corollary follows immediately form the definition of a metric type space.
Corollary 4.9. Let (X,D, η) be an η-metric space. If supx,y η(x, y) <∞, then (X,D, η) is
a metric type space.
The concepts of convergence, Cauchy sequence and completeness can easily be extended to
the case of an η(cone)-metric space.
We now try and formalise the inequality (4.3) (which is a generalization of property (D3))
in the case of η-metric space, namely we have the following lemma, whose proof is straight-
forward and shall therefore be omitted:
Lemma 4.10. Let (X,D, η) be an η-metric space. Let x, y, zi, i = 1, 2, · · · , n ∈ X, n ≥ 2.
Then we have the recursion:
D(x, y) ≤ η(x, y)
(
D(x, z1) +
n−1∑
j=1
(
j∏
i=1
η(zi, y)D(zj, zj+1)
)
+
n−1∏
i=1
η(zi, y)D(zn, y)
)
.
Corollary 4.11. Let (X, dη) be an η-cone metric space such that supx,y η(x, y) < ∞. Con-
sider the η-metric space (X,D, η) where D(x, y) = ‖dη(x, y)‖. Let (yn) be a sequence in
(X,D, η) such that
D(yn, yn+1) ≤ λD(yn−1, yn) (4.6)
for some 0 < λ < 1. If lim
n,m→∞
η(yn, ym) <
1
λ
, then (yn) is Cauchy.
Proof. By (4.6), we have
D(yn, yn+1) ≤ λ
nD(y0, y1) (4.7)
Let m > n ∈ N. Using Lemma 4.10, we write
D(yn, ym) ≤ η(yn, ym)
(
D(yn, yn+1) +
m−n−2∑
j=1
(
j∏
i=1
η(yi, ym)D(yj, yj+1)
)
+
m−n−2∏
i=1
η(zi, y)D(ym−1, ym)
)
.
and by the inequality (4.7), we obtain
D(yn, ym) ≤ η(yn, ym)
(
λnD(y0, y1) +
m−n−2∑
j=1
(
j∏
i=1
η(yi, ym)λ
jD(y0, y1)
)
+
m−n−2∏
i=1
η(zi, y)λ
m−1D(y0, y1)
)
.
Since lim
n,n→∞
η(yn+1, ym)λ < 1 so that the series
∑
∞
n=0 λ
n
∏n
i=1 η(xi, xm) converges by ratio
test for each m ≥ 1. Let:
S =
∞∑
n=0
λn
n∏
i=1
η(xi, xm), Sn =
n∑
j=1
λj
j∏
i=1
η(yi, ym).
Thus for m > n, the above inequality becomes:
D(yn, ym) ≤ [Sm−1 − Sn]D(y0, y1).
This implies dη(yn, ym)→ θ (n,m→∞)
5. Hence {yn} is a Cauchy sequence.

We conclude this manuscript with the following interesting fixed point result. Let (X, dη) be
an η-cone metric space such that dη is continuous. For x, y ∈ X we set Dη(x, y) = ‖dη(x, y)‖.
Then (X,Dη) is the η-metric space generated by (X, dη). We have:
5In fact D(yn, ym)→ 0 (n,m→∞).
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Theorem 4.12. Let (X,Dη) be the complete η-metric space generated by the η-cone metric
space (X, dη) and T : X → X a self mapping on X such that for each x, y ∈ X:
Dη(Tx, Ty) ≤ α(x, y)Dη(x, y) + β(x, y)Dη(x, Tx) + γ(x, y)Dη(y, Ty)
+ δ(x, y)[Dη(x, Ty) +Dη(y, Tx)], (4.8)
where α, β, γ, δ are functions from X ×X into [0, 1) such that
λ = sup{α(x, y) + β(x, y) + γ(x, y) + 2η(x, y)δ(x, y) : x, y ∈ X} < 1. (4.9)
If supx,y η(x, y) <
1
λ
, then T has a unique fixed point in X.
Proof. Fix x0 ∈ X and construct the sequence {xn} such that xn+1 = Txn. From (4.8),
Dη(xn, xn+1) = Dη(Txn−1, Txn) ≤ αDη(xn−1, xn) + βDη(xn−1, xn) + γDη(xn, xn+1)
+ δ[Dη(xn−1, xn+1) +Dη(xn, xn)]
where α.β, γ and δ are evaluated at (xn−1, xn). By property (D3) we have
Dη(xn−1, xn+1) ≤ η(xn−1, xn+1)[Dη(xn−1, xn) +Dη(xn, xn+1)],
which implies that
Dη(xn−1, xn+1) ≤ 2η(xn−1, xn+1)max {Dη(xn−1, xn), Dη(xn, xn+1)} .
Hence
Dη(xn, xn+1) ≤ (α + β + γ)max {Dη(xn−1, xn), Dη(xn, xn+1)}
+ 2η(xn−1, xn+1)δmax {Dη(xn−1, xn), Dη(xn, xn+1)} .
Then
Dη(xn, xn+1) ≤ λmax {Dη(xn−1, xn), Dη(xn, xn+1)} .
Since λ < 1, then
Dη(xn, xn+1) ≤ λDη(xn−1, xn).
From Corollary 4.11, we know that {xn} is Cauchy. Since (X,Dη) is complete, then there
exists x∗ ∈ X such that
lim
n→∞
xn = x
∗.
On the other side, using (4.8), one readily sees that
Dη(Tx
∗, Txn) ≤ λmax {Dη(x
∗, xn), Dη(x
∗, Tx∗), Dη(xn, xn+1), Dη(x
∗, xn+1), Dη(xn, Tx
∗)} .
Now, take the limit as n→∞, then by and since dη is continuous, we obtain
Dη(Tx
∗, x∗) ≤ λDη(x
∗, Tx∗).
Since λ < 1, then Tx∗ = x∗.
For uniqueness, assume x, y ∈ X and x 6= y are two fixed points of T . Using (4.8), we have
= Dη(Tx, Ty) ≤ (α + 2δη)Dη(x, y) ≤ λDη(x, y).
Since λ < 1, then Dη(x, y) = 0, which implies x = y.
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The proof is complete. 
Example 4.13. Let X =
[
0, 1
4
]
. Let E = R and P = R+. Then (X, dη) is an η-cone metric
space with
dη(x, y) = (x− y)
2, and η(x, y) = x+ y + 2.
The η-metric space (X,Dη), generated by (X, dη) has the same structure since
Dη(x, y) = |dη(x, y)| = (x− y)
2.
Then dη is a complete η-metric on X . Define T : X → X by Tx = x
2.
Let β = γ = δ = 0 and α(x, y) = 1
4
, we have
Dη(Tx, Ty) ≤
1
4
Dη(x, y).
Note that for each x ∈ X, T nx = x2n. Thus we obtain:
lim
n,m→∞
η(Tmx, T nx) < 4.
Therefore, all conditions of Theorem 4.12 are satisfied hence T has a unique fixed point.
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